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This paper describes a novel method for finding optimal trajectories for a vehicle constrained to avoid fixed
obstacles. The key property of the method is that it provides globally optimal solutions while retaining the full
nonlinear dynamics model. Applications for the method include guidance of unmanned aerial vehicles, air traffic
control, and robot path planning. The core concept is the direct application of branch-and-bound optimization to find
guaranteed, globally optimal solutions to nonconvex problems. The method tailors the branch-and-bound approach
specifically for avoidance problems by exploiting two new ideas: first, using a geometric branching strategy based on
the decision between passing an obstacle clockwise or counterclockwise; and second, solving the resulting
subproblems by constructing simple solutions on each chosen “side” and using them to initialize an interior-point
optimization. The algorithm is refined by comparing nine geometric branching strategies. The solution time of the
method depends on the choice of branching strategy, which determines how the solution tree is explored. A good
strategy is one requiring fewer tree branches to be enumerated before the global optimal is found. The best of these
branching strategies has been compared with an existing mixed-integer linear programming approach and
demonstrated a significant improvement on mixed-integer linear programming solve times.

Nomenclature

Aax = maximum acceleration

N = total number of obstacles

ncol = number of collocation points used to
discretize a path

P, P. = “diverted” paths, counterclockwise and
clockwise, respectively, around a particular
obstacle

Pine = incumbent path

P = optimized path for a particular subproblem

R, = radius of obstacle p

(rSes, robs = position of center of obstacle p

(r:(0), (1))
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position at time ¢
initial position and velocity

Fems Ty = mth collocation point
x,me Lym p
rers by = target position
xT» ' yT g p
Iy = final time
to = start time

maximum and minimum velocities
velocity at time ¢

VUmax> Umin

(ve(0), v,(1))

1. Introduction

HIS paper develops a novel algorithm guaranteed to find

globally optimal solutions to two-dimensional nonlinear
vehicle trajectory design problems subject to avoidance constraints.
These problems are important for the control of autonomous
uninhabited aerial vehicles (UAVs) [1] and air traffic management
[2]. They are also very complex, known to be in the class of
nondeterministic-polynomial time complete problems [3,4].
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Many approaches have been investigated for solving these
problems. All involve some kind of simplification, aiming to capture
certain key elements of the task in a form suitable for practical
computation. Methods based on nonlinear programming (NLP) can
incorporate nonlinear dynamics models but may converge to local
minima [5-12]. This is a particular problem for obstacle avoidance
constraints, where locally optimal routes exist on either side of an
obstacle, and we wish to decide which route to take. Other methods
have explicitly addressed the discrete decisions. Randomized
searches [13-15] rapidly find feasible paths through fields of
obstacles, retaining accurate dynamics models but having no
guarantee of optimality. Graph-based methods such as Voronoi
diagrams [9,16] or visibility graphs [17] approximate the trajectories
as joined line segments. The mixed-integer linear programming
(MILP) [18] approach uses indirect branch-and-bound optimization,
reformulating the problem in linearized form and using powerful
commercial software to solve the MILP problem. A heuristic method
using MILP to initialize NLP has also been proposed [19,20]. Both
the graph search and MILP approaches guarantee globally optimal
solutions, but to approximated problems without the original
nonlinear dynamics. As far as the authors are aware, the new method
developed in this paper is the first to combine global optimization
with nonlinear vehicle dynamics.

The new algorithm employs branch-and-bound optimization [21]
to explicitly consider the discrete decisions involved. This builds on
the success of the MILP approach [18], which indirectly uses branch
and bound within the commercial solver. The branch-and-bound
method cannot improve the overall computational complexity of the
problem, which remains exponential in the number of obstacles and
time steps, however, it can act as a heuristic to speed up results. As in
most other work in this field, the vehicle is assumed to move in two
dimensions, with the altitude fixed by other constraints such as
airspace layers or operational requirements. Although the method
can be used to optimize for a variety of objectives, such as risk or fuel
consumption, this paper will consider finding the shortest-time path
throughout.

There are two elements to a generic branch-and-bound method:

1) Branching: the problem is divided into subproblems by
partitioning the search space. Each subproblem is further divided in
the same way, and the algorithm proceeds by searching a “tree” of
subproblems, hence “branching.”

2) Bounding: a lower bound on the optimal cost of each
subproblem is found by solving a relaxed, simpler form of that
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subproblem. These bounds are then used to identify if a branch
requires further subdivision. If a) the subproblem is infeasible, b) the
solution to the subproblem is a feasible solution of the complete
problem, or c¢) the bound from the subproblem solution is worse than
the cost of the best feasible solution found so far, then the branch is
said to be “fathomed” and no further branching is necessary.

The following examples illustrate the direct mapping of branch
and bound to the avoidance problem:

1) Branching: the problem of avoiding obstacles 1...M can be
divided into two subproblems: a) the problem of passing clockwise
around obstacle 1 and avoiding obstacles 2. .. M, or b) the problem
of passing counterclockwise around obstacle 1 and avoiding
obstacles 2... M.

2) Bounding: the shortest path passing clockwise (or counter-
clockwise) around obstacle 1 and avoiding obstacles 2. .. M must be
longer than the shortest path passing clockwise (or counter-
clockwise, respectively) around obstacle 1 and ignoring obstacles
2...M.

The global optimality of any solution obtained from a branch-and-
bound method is guaranteed, assuming that the globally optimal
solution to each evaluated subproblem is found [22]. In the
avoidance case, this corresponds to finding the best path passing on a
given side of a set of active obstacles and ignoring all others. Because
this subproblem no longer involves a choice of side, it can be solved
by nonlinear programming. This leads to the idea demonstrated in
this paper: although it is difficult to express the concept of one side or
another in terms of an explicit constraint, it can be achieved by
initializing the search on the appropriate side and employing a
primal-dual optimization method which is then checked against the
desired path. Because each choice of side corresponds to a
disconnected class of paths [4], in the unlikely case of a primal-dual
optimization jumping across obstacles into a different disconnected
path class, it is possible to detect and reject the solution. Therefore,
effectively, the method ensures that the nonlinear programming path
optimization is constrained to the same class of paths as the
initialization.

The speed of reaching the globally optimal solution by the branch-
and-bound method is affected both by the complexity of the problem
and by the branching strategy, that is, the order in which the tree of
solutions is explored. Many branching strategies have been
investigated since the inception of the branch-and-bound approach.
Two of the most popular are depth-first search [23-25] and best-
bound search [26-28]. Depth-first seeks to select the newest
subproblem created for branching and has been observed to require
memory that is a linear function of the problem size [29]. Meanwhile,
best-bound chooses the subproblem with the lowest bound on
objective function of the parental subproblem to be branched on.
This, however, takes no account of any other parameters than the
objective function. Pseudocosts or estimations for linear cases were
then proposed to include parameters such as the quality of a solution
into the best-bound approach [30,31]. Breadth-first searching
employs a first-in/first-out approach to the nodes, though it remains
less popular than depth-first and best-bound due to the high number
of subproblems required to be solved [32]. In summary, there is no
one perfect generic branching strategy which will guarantee the
minimal solve time on any proposed problem and the best branching
strategy is highly problem specific [33]. Therefore, this paper
includes experimental investigation of branching strategies.

The paper is organized as follows. Section Il describes the problem
statement. Section III describes the new branch-and-bound
optimization algorithm and demonstrates it graphically. Section IV
details the nine branching strategies. Section V presents illustrative
examples of results found using the new algorithm. Finally, Sec. VI
presents conclusions.

II. Problem Statement

This paper considers the problem of finding the shortest path for a
vehicle modeled as a “Dubins-like” car, that is, moving in two
dimensions with limited rate of turn, though with bounded speed.
The velocity and positioning relationships are linked by the

following constraints:

d
Ux(t) Zarx(t) (la)
0, = T (1b)

Speed is constrained between both minimum and maximum bounds,

Viin = UR(0) + 03(1) = vy (@)

min —

The acceleration is also bounded, effectively restricting the turning
rate:

d
— Omax = avx(t) = Amax (33)

d
— Amax = avy(t) = Amax (3b)

The initial state is completely specified by the following constraints:

r(ty) = 140 (4a)
ry(to) = ryg (4b)
v.(to) = vy (40)
v, () = vy (4d)

and the terminal constraint is that the vehicle should reach a specified
target regardless of velocities at time 7;:

Ty (tf) =TIxr (53)

ry(tp) =ryp (5b)

Finally, the obstacle avoidance is expressed as a minimum distance
from each obstacle center. The method has been demonstrated
throughout with the use of circular obstacles, however, can be
converted to arbitrary obstacles by approximation as unions of
circular obstacles:

[rx(t) — rg?;]z + [r),(t) - r;{b;]z >R Vi Ypefl...N}
©)

The final time ¢/ is constrained such that
tp=0 @)

The objective is to find the minimum time path where the elapsed
time 7, — £, is minimum:

This paper assumes that the objective is the shortest-time path
without loss of generality. The cost function is independent of the
branch-and-bound method and can be substituted to solve a variety
of problems such as those of minimum fuel use and minimum risk
[27]. The dynamics are discretized using direct global collocation
with Gaussian Radau points for constraint enforcement [34,35]. The
position and velocity profiles are parameterized by

ncol _
rn=y wm( d _’;’0) Fem (%)
m=1

Iy
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Algorithm 1 Branch-and-bound path planning

1. P, < NULL

2. Set list of active subproblems to (&, P,) where path P, connects the start to the goal in a straight line

3. while list of active subproblems is not empty

4. do select an subproblem (A, P;) from the list of active subproblems and remove it from that list

5. starting with path P;, search for feasible path P,, avoiding active obstacles A

6. if suitable P, exists

7. then search for shortest feasible path P, avoiding active obstacles A

8. if path P, intersects inactive obstacles {1,..., M} \ A and path P is shorter than P;,,

9. then select an obstacle p,, (the “branching obstacle”) intersected by path P,

10. construct path P, (not necessarily dynamically feasible) by diverting P, counterclockwise around obstacle p, and add (A U {p,}, P,) to
the list of active subproblems

11. construct path P, (not necessarily dynamically feasible) by diverting P, clockwise around obstacle p, and add (A U {p,}, P,) to the list
of active subproblems

12. else, if path P, is shorter than P;,.

13. then P;,. < P,

14. return P;,,

ncol
t—to
r)’([) = Wm(t —t
1 f 0

) Tym (9b)

m=

ncol f—1

‘0

N
m=1 - fo

. )vm %)

ncol _
u =Y wm( d _tfo) Uy 9d)
m=1

Iy
where ., Iy > Uy m» and vy, ,, represent the values of the associated
variables at collocation point m, and ¥, is the mth Lagrange
polynomial of the order ncol satisfying

V(7)) =8, 10)

where t, is the rth collocation point and §,, , is the Kronecker delta.
Thus, the path optimization is approximated by the finite
dimensional optimization with decision variable P = {r | ... 7 ol
Tyl .-+ Tyncot}- The corresponding conversion of the constraints is
familiar and is covered in detail in [34,35] for example.

III. Obstacle Branch-and-Bound Planning Algorithm

This section describes the new algorithm mathematically. A
graphical illustration of the steps for a particular example is shown in
Sec. IILD.

Define a subproblem (A, P) consisting of a set of active obstacles
AC{l,...,M} and an initial diverted path P (represented by
{7m» Tym} for all m =1...ncol), which satisfies the initial and
terminal constraints and the avoidance constraints for the active
obstacles A but is not necessarily dynamically feasible. Py,
represents the incumbent path, that is, the “best” feasible path found
so far, where best is defined as the shortest-time path in this paper.

The branching, or partitioning of the search space, is performed
implicitly by the use of the diverted paths P, and P, as the initial
solutions for subsequent problems and by using policed primal-dual
interior-point optimization methods for each search in steps 5 and 7.
The policing of the optimization methods enforces that paths P, and
then P, must respect the “clockwise or counterclockwise” decisions
passed down to them in the diverted path or be rejected.

The branch-and-bound method proposed does not assume any
particular form of vehicle dynamics and thus the dynamics presented
in Sec. II can be changed independently of altering the branch-and-
bound method [36]. Under the assumption that each path P is the
optimal solution to its corresponding subproblem, the properties of
the generic branch-and-bound algorithm hold [22] and, at
termination, Pj,. is the globally optimal path. This is reasonable, as
careful initialization (Secs. III.A and III.C) and checking of solutions

has been used to significantly reduce the number of encounters with
local minima. Validation of this approach is provided in the form of
path-length performance comparisons with existing methods in
Sec. V.C. The following subsections describe the key intermediate
steps in detail.

A. Step 5: Search for Dynamically Feasible Path

Each subproblem is defined by an initial path which has been
diverted around the active obstacles. This path is unlikely to be
dynamically feasible, although some care is taken to at least have a
good attempt, as discussed in Sec. III.C. The preliminary search for a
dynamically feasible path in step 5 has two purposes: first, to
generate such a path if one exists, and second, to identify cases where
no such path exists, thereby quickly pruning out infeasible problems.

Before attempting to search for a dynamically feasible path, the
method must first determine if the suggested path is logically feasible
considering the potential for overlapping obstacles, that is, the
combination of prescribed clockwise and counterclockwise
diversions around potentially connected obstacles is feasible. Two
obstacles p, and p,, are defined as connected C(p,, p;,) by

C(pa* pb) <~ {(rx,pu - rx,p,,)Z + (ry.pg - ry,p,,)z

<R, + R, \/@pc: C(pu-p) AC(py.p)y (1)

Thus, an obstacle p, is connected to the obstacle p,, if a continuous
path exists between any point in the two obstacles which always
remains inside an obstacle. These connections between obstacles can
be calculated during the initialization of the branch-and-bound
method then compared to the diverted path to determine if it is
logically feasible. Note that Eq. (11) is a recursive definition and can
be applied to chains of overlapping obstacles of any length. If two
obstacles p, and p, are connected, then the only logically feasible
paths with obstacles p, and p, active are those where the path is
specified to go the same direction around both obstacles, that is,
counterclockwise around both p, and p, or clockwise around both

p.and py:

C(p,, pp) — [direction(p,) = direction(p,)] 12)

A path which is not logically feasible can be immediately fathomed
without further solving. For example, there is no point searching for
paths clockwise around p; and counterclockwise around p, if p; and
p» overlap.

If the path is logically feasible, then the search continues to check
for dynamic feasibility. To perform the search, the dynamics
constraints 2 and 3 are replaced by the following relaxed forms
involving new slack decision variables y*y=§+§~:

8_(t) — Omax = %vx(t) = Amax + 8+(t) (133)
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50~ i < 00 S £ 550 (130)
Y (0) 4 v S 00 00 S v+ ¥ (D) (13c)

where
Y~ (), v (®),6(1),67 () =0 (14)

The original objective [Eq. (8)] is replaced so as to seek the minimum
y and § solution with respect to the shortest-time path goal, where, in
effect, the original dynamics model is least violated:
(vt (e (¢ 5T () + 6 (¢
J;:minfr([y () +y 0], 570 +5(0)]
I n ne

) dr+1, (15)

To= / Yo+ 0+ 0+5md 16

0

Where € and 1 are scaling factors, 7 is gradually reduced toward zero
during optimization. The problem is judged to have a dynamically
feasible solution (henceforth denoted as the “gamma path”) in step 5
if J, is within some very small tolerance of zero. If no feasible
solution exists, the active branch is known to be fathomed.

B. Step 7: Search for Shortest Path

Following the search for a dynamically feasible path in Sec. [IL.A,
the search for the shortest-time path can take place by removing y and
§ from the decision variables again and solving the minimum time
problem for the original model in Sec. II. The problem is to minimize
the time [Eq.(8)] subject to initial, terminal, bounding, and dynamics
constraints [Egs.(1-5) and (7)] and avoidance of only the active
obstacle set A, leading the following modified form of Eq. (6):

(@ —r,2+r,@®—-r, =R, Yk VpeA (17

C. Steps 10 and 11: Construct Diverted Path

The two paths P, and P,. are constructed from a combination of the
previous path P, and a newly created diversion clockwise or
counterclockwise around obstacle p,. The time 7. in path P is
defined as the last time before the path intersects obstacle p,, and
time ¢, is defined as the first time after the path has ceased intersecting
the obstacle. A path P, (or P.)is constructed between (r,(t.), r,(t.))
and (r.(z,). r,(t,)) using an arc with the same radius as obstacle p,,
covering the angle 6, or 6, between points (r.(z.), r,(z.)) and
(r.(t,). ry(2.)) either counterclockwise or clockwise, respectively.

D. Stage-by-Stage Illustration

This section provides a graphical illustration of how the algorithm
works. Figure 1 shows the stages involved in solving an example
problem using the new algorithm.

Stage 1: Solve the relaxed problem ignoring all obstacles,
representing the root node of the search tree.

Stage 2a: “Branch on” obstacle 1 as the first obstacle encountered.
Begin with solutions heading counterclockwise around obstacle 1.
Generate adiverted path passing counterclockwise around obstacle 1.
This path is not a feasible solution, because it involves two sharp
corners.

Stage 2b: Find a feasible path counterclockwise around obstacle 1,
ignoring all other obstacles, using the optimization described in
Sec. IILLA (henceforth, any active obstacle is in a darker shade).

Stage 2c: Find the shortest path counterclockwise around
obstacle 1, ignoring all other obstacles. Because this path does not
intersect with any other obstacles, it is feasible for the complete
problem and therefore becomes the incumbent solution. This branch
is fathomed, and the algorithm now returns to a previously
unexplored branch.

Stage 3: Branch clockwise around obstacle 1. (For brevity, the
initial guess step and dynamically feasible solution step are not
shown individually.) The solution path continues to intersect
obstacles and the algorithm continues branching.

Stage 4: Branch clockwise around obstacle 1 and counter-
clockwise around obstacle 2. The resulting path is a feasible solution
with a length of 10.64, shorter than the incumbent. The incumbent is
updated, the branch is fathomed and the algorithm returns to a
previously unexplored branch.

Stage 5: Branch clockwise around both obstacle 1 and obstacle 2.
The solution path is not feasible overall as it intersects obstacle 3.
However, its length is greater than that of the incumbent, and so the
branch is fathomed. (Because the path will only get longer as more
obstacles are considered, there is no benefit to continuing the search
of this branch.)

Final stage: The active subproblem list is empty. The problem is
completely solved with a best path length of 10.64.

IV. Branching Strategies

This section describes the nine branching strategies developed and
their geometric reasoning. These strategies do not exhaustively cover
all possible branching strategies, however, they highlight those
suited to the specifics of path planning. In the Algorithm, the two key
decision points which define the branching strategy are steps 4 and 9.
Step 9 selects which, out of a set of inactive obstacles that the
proposed path intersects, will be added to the active set for branching
on (or avoiding). The order in which obstacles are added to the active
set is very important: those added early into the solution will have a
greater effect on the speed of the search for the globally optimal
solution [37]. Step 4 will select from the active subproblem list which
subproblem to solve next. At step 4, depth-first would call for the
selection of the subproblem with the most number of obstacles in its
active obstacle set; meanwhile, best-bound would call for the
subproblem with the shortest path to the goal. Strategy acronyms are
derived using the form “decision at step 9: decision at step 4.”
Figure 2 shows a graphical representation of eight of the nine
strategies developed where the numbers on the obstacles reflect the
order in which they are added to the active obstacle list (step 4), and
the solutions of the first three subproblems solved are also shown.
Tables 1 and 2 summarize the investigated decisions at steps 4 and 9.
Note that, although each strategy has some rationale behind it,
described in the following subsections, it is in practice impossible to
predict which effect will dominate solution time, and so the final
choice of strategy is determined by experiment.

Table 1 Summary of which obstacle to add to the active set at step 9

Strategy Summary

First, F First inactive obstacle encountered on a path is added.
Least, L Obstacle with the smallest incursion is added.
Most, M Obstacle with the largest minimum incursion is added.

Table 2 Summary of which subproblem to next solve at step 4

Strategy
Random, RND

Summary

Subproblem is randomly chosen from the active
subproblem list.
Subproblem with the most number of active obstacles is
chosen. In the case of a tie, the problem which heads
to the right of the latest obstacle is chosen.

One side, ONE

Alternating Subproblem with the most number of active obstacles is

side, ALT chosen. In the case of a tie, the problem which heads
to the opposite side of the latest obstacle is chosen.

Best bound, Subproblem with the shortest P is chosen. In the event
BST of a tie, an arbitrary side is chosen.

Least diverted, Subproblem which will require the least diversion is
LST chosen.

Most diverted, Subproblem which will require the most diversion is
MST chosen.
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A. Strategy F:RND

The F:RND strategy specifies that, in step 9, the first (F) inactive
obstacle intersected along a path is chosen as p, and added to the
active obstacle set in the resulting subproblem, and that, in step 4, the
next subproblem to be solved is chosen randomly (RND) from the

Best Length = —— Initial Path
3r == Shortest Path

Current Length = 10.47

2
-3Fr
Stage 1
-4 L L L L L L
0 2 4 6 8 10
4 -
Best Length = — Diverted Path
3t = Gamma Path
2 -

-2}
_3 .
Stage 2b
-4 L L L L L L
0 2 4 6 8 10
4 r

Best Length = 10.70 Diverted Path

3r m— Shortest Path
Current Length = 10.64 = = = Incumbent Path

4 r
Best Length = 10.64 Diverted Path
3r m Shortest Path
Current Length = 11.75 = = = Incumbent Path
2 -
1k
or p
1k o2
s
_3 .
Stage 5
4 . . - - . -

active subproblem list. The rationale for choosing the first obstacle
intersected along a path is that this obstacle is very likely to be an
active constraint in the final path, whereas it is unlikely that
branching on any other obstacle will divert the path out of this
obstacle. Observations suggest it is better to branch on such

4,
Best Length = ——
3»
2»
1 -
i ®
-1F
ot
-3F
Stage 2a
- 0 2 4 6 8 10
4,
Best Length = —
3»
Current Length = 10.70
2»
1 -
1" ®
-1
2+
_3»
Stage 2¢
- 0 2 4 6 8 10
4,

Best Length = 10.70 Diverted Path

3r = Shortest Path
Current Length = 10.64 = = = [ncumbent Path

-4

= Final Optimal Path

2+

-3+

Final Solution
0 2 4 6 8 10

-4

Fig. 1 Illustration of the branch-and-bound concept.



EELE AND RICHARDS 389

50 — — — First Subproblem Solution
Second Subproblem Solution
0 —— Third Subproblem Solution
5+
-10+
15 L L L L L L L L
0 5 10 15 20 25 30 35 40
a) F:ONE
5¢ — — — First Subproblem Solution
s Second Subproblem Solution
0 (e —>— Third Subproblem Solution
5 ‘
_10 .
_15L— L L L L L L L L
0 5 10 15 20 25 30 35 40
¢) F:BST
5- — — — First Subproblem Solution
Second Subproblem Solution
—— Third Subproblem Solution
0 .
-5F
-101
_15L— L L L L L L L L
0 5 10 15 20 25 30 35 40
e) F:MST
5 — — — First Subproblem Solution
Second Subproblem Solution
0 .
-5t
-10
_15L— L L L L L L L L
0 5 10 15 20 25 30 35 40
g) M:LST

— — — First Subproblem Solution
Second Subproblem Solution
—— Third Subproblem Solution

0 .
-5F
-10
15l . . . . . . . .
0 5 10 15 20 25 30 35 40
b) F:ALT
5. — — — First Subproblem Solution
Second Subproblem Solution
—— Third Subproblem Solution
0 -
-5t
-10+
_15L— . . . . . . . .
0 5 10 15 20 25 30 35 40
d) F:LST
5. — — — First Subproblem Solution
Second Subproblem Solution
—— Third Subproblem Solution
0 F
_5 k
-10+F
15— . . . . . . . .
0 5 10 15 20 25 30 35 40
f) L:LST
5r — — — First Subproblem Solution
Second Subproblem Solution
ok —>— Third Subproblem Solution
5+
10+
_15L— . . . . . . . .
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Fig. 2 Illustration of the branching strategies.

“important” obstacles earlier rather than later, because they
significantly affect the objective value and can lead to substantial
pruning. The F:RND strategy acts as the benchmark for comparisons
with all other strategies selecting the first inactive obstacle
intersecting a path.

B. Strategy F:ONE

The F:ONE strategy specifies that, in step 4, the next subproblem
to be solved from the active subproblem list is chosen as the
subproblem with the most active obstacles. The decision in step 4
classifies the strategy as a depth-first strategy. In the case of a tie, the
one which is diverted to a particular side of an obstacle (“ONE”
solving always to one side first) is chosen. In the implementation for
this paper, the chosen side was counterclockwise. This was the
strategy employed in the first work on the obstacle branch-and-

bound method [36]. The F:ONE strategy seeks to rapidly find a
feasible path, so that it can use this to fathom other paths, and does so
by diverting around encountered obstacles counterclockwise. In the
worst case, this will form a long path which has managed to end up
passing counterclockwise around every obstacle in the problem.

C. Strategy F:ALT

The F:ALT strategy aims to improve upon the idea of the F:ONE
strategy by looking for a good direct path rather than following wide
diversions. Like F:ONE, in step 4, the next subproblem to be solved
from the active subproblem list is chosen as the subproblem with the
most active obstacles, making this another depth-first strategy.
However, in the case of a tie, F:ALT selects the subproblem which
will be diverted to a different side than the previously solved
subproblem (“ALT” solving to alternating sides). Note that a tie is
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Fig. 3 Solved examples showing the final optimal path.

quite likely, because there is typically a small integer number of
obstacles, so that F:ALT and F:ONE differ significantly in practice.
For example, if the subproblem selected had the path diverted
counterclockwise, the next subproblem selected would be the one
that diverted clockwise. Geometrically, this would appear as
searching for a path that “wiggles” through the middle of an obstacle
field instead of allowing itself to be diverted all the way around on
one side.

D. Strategy F:BST

Instead of following a depth-first approach, the F:BST strategy
follows a best-bound approach (“BST” solving to previous best-
bounded solution). This strategy specifies that, in step 4, the next
subproblem to be solved from the active subproblem list is chosen as
that with the shortest path to the goal as a parent. In other words, F:
BST chooses the subproblem with the shortest P, from which it was
derived in steps 8 and 9. Because the search tree is binary, in the case
of a tie, one side is arbitrarily chosen. This follows the logic that, by
selecting subproblems with the shortest parent path, the strategy will
be focusing on subproblems which look more likely to generate the
desired objective function (the shortest path to the goal).

E. Strategy F:LST

For the F:LST strategy, in step 4, the next subproblem to be solved
from the active subproblem list is chosen as the subproblem where
the path before diversion (i.e., the P, from which the P, or P, was
derived) incurred into the newly active obstacle the least (“LST”
solving the least diverted subproblem). The incursion of a path P,
into an obstacle, with respect to passing the obstacle on the left or
right (thus the incursion associated with P, or P, respectively), is the
maximum distance between any point in P, which is inside the
obstacle, perpendicularly to the left or right edge of that obstacle. The
geometric argument is that, if a path only slightly clipped one edge of
an obstacle, it could mean only a minor adjustment is required to
make the entire path feasible and the strategy focuses on making
minor adjustments first.

F. Strategy F:-MST

The alternative to the F:LST strategy, instead of choosing the
subproblem with the least incursion, F:-MST chooses the problem
with the greatest incursion (“MST” solving the most diverted
subproblem). For the F:MST strategy in step 9, the first inactive
obstacle intersected by a path will be added to the active obstacle set
in the resulting subproblem, and that, in step 4, the next subproblem

Table 3 Table showing the mean and standard (STD) deviation of the number of
subproblems solved over 3000 obstacle sets with the overall ranking of the strategies

Strategy F:LST L:LST F:BST M:LST F:ALT F:RND F.ONE FMST M:MST

Mean 1412 1638 1694 19.28
STD 10.76  13.68  10.17 17.71
Rank 1 2 3 4

19.83 2220 2728  30.69 35.85
13.65 14.45 17.24 18.54 23.42
5 6 7 8 9
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to be solved from the active subproblem list is chosen as the
subproblem where the path before diversion incurred into the newly
active obstacle the most. This strategy seeks to solve paths requiring
major diversions before those requiring minor diversions.

G. Strategy L:LST

In keeping with the naming convention, L:LST uses the same
selection method in step 4 as F:LST, based on the least diverted path.
However, in step 9, the obstacle p, chosen for branching is the
inactive obstacle with the smallest incursion (least diversion) from
path P,. Geometrically, this strategy follows a similar argument to F:
LST, however, it focuses on making minor adjustments anywhere
along a path rather than from start to finish. The disadvantage with
this method is that, if an inactive obstacle is intersected almost
directly through its center, it and its resulting subproblems will not be
added to the active obstacle set until the rest of the smaller incursions
have been dealt with.

H. Strategy M:LST

To combat the aforementioned issue, the M:LST problem aims to
choose the obstacle p, in step 9 that has most impact on the path,
requiring most diversion (“M” selects the obstacle with the greatest
incursion). Specifically, it evaluates the least incursion for each
obstacle, and then chooses the obstacle with the largest of those
values. Geometrically, this is equivalent to the inactive obstacle
whose center is closest to the path P,. The strategy specifies that, for
step 4, it then chooses the least diverted subproblem. This strategy
focuses on dealing with obstacles which will have a large effect on
the path regardless of where they are along the path.

I. Strategy M:MST

For completeness, the strategy M:MST specifies that, at step 9, for
all inactive obstacles currently intersected by a path, their incursion
on the side of minimum incursion is calculated and the strategy picks
the largest of these incursions to add to the active obstacle set
generating two subproblems. This is followed by step 4 where it then
chooses the subproblem with the greatest incursion in the active
subproblem list.

V. Results

The results in this section were generated by an implementation of
the Algorithm, using MATLAB: for the Algorithm implementation,
and SNOPT? as the nonlinear optimizer through an AMPLY interface
on a 2.4 GHz PC with 2 GB RAM.

A. Large-Scale Feature Examples

Figure 3 shows the optimal paths for a pair of large examples and a
pair of examples with active nonlinear dynamics constraints. In each
figure, the vehicle starts at the triangle with a maximum velocity in
the positive x direction; the goal in all figures is represented as a star.
Figure 3a demonstrates the method’s capability to cope with
overlapping obstacles as well as the spaced obstacles shown in
Fig. 3b. Figure 3¢ shows Eq. (3) to be active when turning around for
a goal behind the original position. Similarly, Fig. 3d also shows the
capability to turn around, in this case to escape what is otherwise a
dead end.

B. Comparison of Branching Strategies

Initially, we investigated the computational complexity of the nine
branching strategies compared with each other. All strategies were
applied to the same set of 3000 randomly generated problems, 300
for each number of obstacles between 15 and 25. In every case, the
vehicle’s initial and target conditions were the same:

HInformation available at http://www.mathworks.com/.
SInformation available at  http://www.sbsi-sol-optimize.com/as/so,

product_snopt.htm.
Information available at http://www.ampl.com/.
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(740» Ty0» Vx0s Uyo) = (0,0,3,0) and (ry7, ry7) = (40, —10). The
obstacles had random radii between one and two units and their
centers were randomly generated within a region joining the start and
end points:

0 < r9h <40

—15<r <5 (19)
These bounds encourage collisions between the vehicle and the
obstacles rather than leaving overly sparse problems to solve.
Layouts with obstacles too close to the start or end points were
rejected. Out of the 300 problems of each number of obstacles, 150
were cases allowing obstacles to overlap, and the other 150 were
cases where overlaps had been prohibited. No time limit was
imposed on the solving and no optimization was terminated early,
hence the globally optimal solution was found in every case. To
identify a hardware independent metric, both the number of
subproblems evaluated in the search tree and the time taken for each
problem to completely solve were measured. The number of
subproblems solved in a search tree directly relates to the speed at
which each of the branching strategies converge to the globally
optimal solution. Figure 4 demonstrates the trend between the
number of subproblems solved and the complete solution time of the
problem for 15,000 examples. It is clear from the figure that the
solution time and the number of subproblems are highly correlated.
However, by using the number of subproblems as the metric, the
comparisons are purely based on the branching strategy and are
independent of hardware and underlying optimization software.
Table 3 shows the results from the nine branching strategies. The
overall ranking values obtained were calculated using a paired T test
between the nine strategies. Figure 5 shows the data from Table 3

pictorially with the mean of each strategy marked by an x and the
standard deviations plotted as error bars. Figure 6 displays the
cumulative percentage of cases completed by each approach against
the number of subproblems evaluated to solve the cases. All
strategies significantly outperformed the worst case of branch-and-
bound tree enumeration where 2¥*! — 1 subproblems would be
solved and the entire search tree enumerated (for problems
containing 15-25 obstacles, the total subproblems possible lies
between approximately 65,000 subproblems and over 67 million
subproblems). The primary conclusion from all analyses is that the F:
LST strategy is the best, outperforming others both on average and in
terms of proportion of problems solved in any given time.
Furthermore, the “LST” method for the subproblem selection in
step 4 appears to be the most important of the two factors: LST
methods came first, second, and fourth out of nine, whereas MST
methods came in eighth and ninth. The two MST strategies and the
ONE strategy were worse than the random benchmark, F:RND. On
average, the best strategy, F:LST, was 30% better than F:RND and
53% better than the slowest strategy, M:MST. The best strategy, F:
LST, remains a geometrically rational result. The strategy effectively
constructs paths from start to goal, obstacle by obstacle, and chooses
the next path to update by the smallest required change.

C. Comparison to Existing Methods

Figure 7a plots the solve time using the nonlinear branch-and-
bound approach against the solve time for the same case using the
MILP method [20]. A data set of 3000 nonoverlapping obstacle
layouts were used. The existing MILP approach results were
generated using a discrete time linear dynamics model, which was
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then solved using CPLEX*: with an AMPL interface on a PC with
the same specification as that used for the nonlinear branch-and-
bound method. For convenience, a time limit of 1800 s (30 min) was
placed on the optimizations. For MILP, the circular obstacles were
approximated as octagons. The dashed line marks the point where the
two methods’ solve times would be equal. The faster cases lie
between the origin and 100 s, accounting for roughly 50% of all the
cases. Cases in this range were observed to be those in which either
minimal obstacles were encountered or the vehicle had a clear path to
the target point, and there is minimal difference between the solve
times for either approach. The MILP approach had a smaller general
computational overhead and thus had the better minimum time of the
two methods. Beyond 100 s, the majority of all cases are above the
dashed line indicating the branch-and-bound method is solving faster
than the MILP. The MILP method timed out on 35% of all problem
cases, shown by the clumped line at the top of Fig. 7a. In total, 64% of
the generated problems were completed faster by the nonlinear
branch-and-bound method and thus lie above the dashed line. Of
those completed faster by the MILP method, the majority lie in the
initial 100 s cluster and were influenced far more by the overheads
associated with each method: the MILP method having an overhead
of under a second, and the branch-and-bound method close to 6 s.
Harder problems, such as those involving a lot of obstacles in the way
of the goal, were solved comfortably by the branch-and-bound
method, whereas MILP struggled to complete within the time limit.
Both methods produce the same paths to within a small tolerance,
allowing for the linearization of the circular obstacles and the
differing dynamics models between the two methods.

To explore the results further, Fig. 7b shows the cumulative
percentage of cases completed by each approach against time in
seconds. The F:LST nonlinear branch-and-bound method managed
to complete 100% of all cases compared to 64.3% of cases solved by
MILP before the time limit. The MILP method quickly plateaus after
1 min, whereas the nonlinear branch-and-bound method continues
rapidly toward its maximum.

Figure 8 shows a comparison of path length and solve times
associated with 420 individual problems solved by three independent
methods: nonlinear branch and bound, MILP, and rapidly exploring
random trees (RRTs) [14]. The problem cases were 20 cases of 10-30
nonoverlapping obstacles. The RRTs method results were obtained
from the average of five runs of the RRTs on each problem case. Path
lengths for MILP and branch-and-bound methods were very close,
which was to be expected because both find the global optimal for
each case. The discrete time measure of the MILP model reflects in
Fig. 8b from the two distinct values for path length. A time limit of
1800 s was imposed on the MILP optimization and, if a problem case
exceeded this time limit, then the path length was recorded as zero.

RRTs demonstrated the fastest solve times but found suboptimal
paths. Allowing the RRTs to search longer for better paths could have
improved this but increased the solve time. The branch-and-bound
method had a higher time overhead than RRTs and was somewhat
slower overall, however branch-and-bound achieved a significant
improvement on path length. Branch-and-bound had a drastic
improvement on solve time for MILP and acted competitively with
the RRT solve time. Thus, it can be seen that the branch-and-bound
method offers a combination of the fast solution times of RRTs and
the high performance of MILP.

VI. Conclusions

In this paper, we have demonstrated that branch-and-bound
optimization can be directly applied to the problem of obstacle
avoidance for a vehicle with a nonlinear dynamics model. The
method we have developed can calculate globally optimal solutions
subject to reasonable assumptions. We have further demonstrated
that the choice of branching strategy is of key importance in the use of
branch-and-bound optimization. The first encountered, least diverted
(F:LST) branching strategy was found to be the fastest out of the nine
strategies investigated, and geometric reasoning behind the result has

**Information available at http://www.ilog.com/products/cplex/.

been presented. We have further demonstrated through simulation of
two banks of problem cases with 1-30 obstacles that the F:LST
branch-and-bound method can be significantly faster on solve time
compared to an existing mixed-integer linear programming approach
and, in a three-way comparison, offers significant benefits to path
length while remaining competitive on solve time with rapidly
exploring random trees. In particular, the computational advantage
for the branch-and-bound method was greater in the most difficult
problems.
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